The higher-order superintegrability of the Tremblay-Turbiner-Winternitz system (related to the harmonic oscillator) is studied on the two-dimensional spherical and hiperbolic spaces, S 2 κ (κ > 0), and H 2 κ (κ < 0). The curvature κ is considered as a parameter and all the results are formulated in explicit dependence of κ. The idea is that the additional constant of motion can be factorized as the product of powers of two particular rather simple complex functions (here denoted by Mr and N φ ). This technique leads to a proof of the superintegrability of the Tremblay-Turbiner-Winternitz system on S 2 κ (κ > 0) and H 2 κ (κ < 0), and to the explicit expression of the constants of motion.
Introduction
It is well known that systems that admit Hamilton-Jacobi (or Schrödinger in the quantum case) separability in more than one coordinate system are superintegrable with quadratic in the momenta constants of motion (in some particular cases the constant is determined by an exact Noether symmetry and then it is linear). For example, the following potential, known as the Smorodinsky-Winternitz (SW) potential [1] - [3] , and representing a two dimensional isotonic oscillator [4] - [5] ,
is separable in Cartesian and polar coordinates and it is, therefore, superintegrable with three quadratic constants of motion (see [6] for a recent review on superintegrability).
The potential V sw admits two generalizations. The first one
that preserves the separability in Cartesian coordinates, is also superintegrable [7] - [9] but with a polynomial of higher order than 2 as a third integral of motion. The second generalization of V sw , that takes the form V ttw (r, φ) = 1 2 ω 0 2 r 2 + 1 2 r 2 α cos 2 (mφ)
was firstly studied by Tremblay, Turbiner, and Winternitz [10] - [11] , and then by other authors [12] - [19] . When m = 1 it reduces to V sw , but in the general m = 1 case (m must be an integer or rational number) it is only separable in polar coordinates; therefore, the third integral is not quadratic in the momenta but a polynomial of higher order than two (the degree of the polynomial depends of the value of m).
The idea that the harmonic oscillator (and also the Kepler problem) can be correctly defined on spaces of constant curvature appears in a book of Riemannian geometry of 1905 by Liebmann [20] ; but it was Higgs [21] who studied this system with detail (the study of Higgs was limited to a spherical geometry but his approach can be extended, introducing the appropriate changes, to the hyperbolic space). The TTW system is directly related to the harmonic oscillator; so it seems natural to also study the TTW system on constant curvature spaces. Actually, this question has been recently considered in [22] (TTW system but without the harmonic potential part) and in [23] (action-angle variables and perturbation theory).
The aim of this paper is to study the TTW system on the spaces of constant curvature S 2 κ (κ > 0) and H 2 κ (κ < 0), and to prove the superintegrability for all the values of κ. Two important points are:
(a) All the mathematical expressions will depend of the curvature κ as a parameter, in such a way that considering values κ > 0, κ = 0, or κ < 0, we will obtain the corresponding property particularized for the system on the sphere S 2 κ , on the Euclidean space lE 2 , or on the hyperbolic space H 2 κ , respectively. This curvature-dependent formalism was already used in [24] - [25] (and in [26] - [27] for the quantum oscillator); other papers making use of this κ-dependent formalism are [28] - [36] .
(b) It is well known that the two dimensional harmonic oscillator with rational quotient of frequencies admits an third integral. The important point is that this additional integral can be obtained as the product of two simple complex functions [37] (see also [9] ). The superintegrability of the standard Euclidean TTW system was proved in [16] by using this technique. Now, in this paper, we present a generalization of this method to the κ = 0 case.
The paper is organized as follows. In section 2 we first introduce the κ-dependent formalism and then we study the superintegrability of the he harmonic oscillator and the S-W potential on spaces of constant curvature. In section 3 we prove the superintegrabilty of the Tremblay-Turbiner-Winternitz system on spherical and hyperbolic spaces. Finally in section 4 we make some comments and we present some open questions.
2 The harmonic oscillator on spaces of constant curvature 2.1 κ-dependent formalism On a two-dimensional Riemannian space (M, g) (not neccesarily of constant curvature) there are two distinguished types of coordinate systems, "geodesic parallel" and "geodesic polar" coordinates, that reduce to the familiar Cartesian (x, y) and polar coordinates (r, φ) on the Euclidean plane [38] . Here we only consider the geodesic polar coordinates that are based on a point O and a oriented geodesic l 0 through O. For any point P in some suitable neighborhood a point O (that represents the origin) there is a unique geodesic l joining O and P . The geodesic polar coordinates (r, φ) of P are the distance r between O and P measured along l, and the angle φ between l and the positive ray l 0 measured at O. These coordinates are are singular at O and φ is discontinuous on the positive ray of l 0 .
In what follows we will make use of the following κ-dependent trigonometric-hyperbolic functions
and Tκ(x) = Sκ(x)/ Cκ(x) [24] - [36] . Then the following κ-dependent expression
represents the expression, in geodesic polar coordinates (r, φ), of the differential line element on the spaces (S 2 κ , lE 2 , H 2 κ ) with constant curvature κ. This metric reduces to
in the three particular cases of the unit sphere κ = 1, Euclidean plane κ = 0, and 'unit' Lobachewski plane κ = −1.
A general standard Lagrangian (κ-dependent kinetic term minus a potential) has the following form
in such a way that for κ = 0 we recover the expression of a standard Lagrangian in the Euclidean space. The two linear momenta, reducing to p x and p y , in the Euclidean case, are given by
and the κ-dependent expression for the angular momentum is
The harmonic oscillator on spaces of constant curvature
The following (spherical, Euclidean, hyperbolic) Lagrangian with curvature κ,
represents the κ-dependent version of the harmonic oscillator [24, 25] ; the potential U (r; κ) reduces to
in the three particular cases of the unit sphere (κ = 1), Euclidean plane (κ = 0), and 'unit' Lobachewski plane (κ = −1); the Euclidean function V (r) appears in this formalism as making separation between two different behaviours (see Figure 1) ; of course, the domain of r depends of the value of κ; we have r ∈ [0, ∞) for κ ≤ 0 and r ∈ [0, π/2 √ κ] for κ > 0. It is known [24] - [25] that this system is superintegrable for all the values of the curvature κ since that, in addition to the angular momentum J(κ), it is endowed with the following two quadratic constants of the motion
in such a way hat the energy can be written as follows
An additional interesting property is the existence of the following fourth integral of motion
The reason is that, although it is not functionally independent since it satisfies the following relation
the set of the three κ-dependent functions I 1 (κ), I 2 (κ), I 4 (κ) can be considered as the three components of the κ-dependent version of the Fradkin tensor [39] .
The S-W potential on spaces of constant curvature
The following (spherical, Euclidean, hyperbolic) κ-dependent potential
that is well defined for all the values of κ, represents the spherical (k > 0) and hyperbolic (κ < 0) version of the Euclidean potential V sw (κ = 0); it reduces to
in the particular cases of the unit sphere (κ = 1) and 'unit' Lobachewski plane (κ = −1). It is endowed with the following three quadratic constants of the motion
Tκ(r) sin φ 2 ,
and, therefore, it is a superintegrable system for all the values of κ.
3 The TTW system on spaces of constant curvature
In the following, we will make use of the Hamiltonian formalism; therefore, the time derivative d/dt of a function means the Poisson bracket of the function with the Hamiltonian.
We have seen, in the previous section 2, that in both the harmonic oscillator and the S-W potential the curvature κ modify many things but preserve the fundamental property of superintegrability. Now in this section we will prove that this is also true for the TTW system It is well known that if F (φ) are arbitrary function then the following Hamiltonian (harmonic oscillator plus an angular deformation introduced by F )
is separable in in polar coordinates and it is therefore endowed with the following two constants of the motion
The following propsition states this property for spherical (κ > 0) and hyperbolic (κ < 0) spaces.
Proposition 1 The Hamiltonian
is separable in geodesic polar coordinates (r, φ) and it is endowed with the following two constants of the motion
This property is true for all the values of the curvature κ.
As we comment in the introduction, the TTW system is separable in the Euclidean plane in polar coordinates. Now we see that it admits a generalization to the spaces S 2 κ (κ > 0) and H 2 κ (κ < 0) that appears as a particular case of the Hamiltonian (9); therefore, it is also separable (and therefore integrable) in spherical and hyperbolic spaces.
The following proposition proves the superintegrability of the TTW system on spaces of constant curvature and presents a method for obtaining the explicit expression of the third integral of motion.
Proposition 2 Consider the nonlinear harmonic oscillator-related potential
where k a and k b are arbitrary constants. Let J 1 and J 2 the two quadratic constants of motion associated to the Liouville integrability
and let M r and N φ be the complex functions M r = M r1 + i M r2 and N φ = N φ1 + i N φ2 with real and imaginary parts, M ra and N φa , a = 1, 2, be defined as
Then, the complex function K m defined as
is a (complex) constant of the motion.
Proof: First, let us comment that the functions M r1 and M r2 are κ-dependent but they satisfy the appropriate Euclidean limit [16] 
The expresions of the functions N φ1 and N φ2 are the same as in the Euclidean plane.
The time-derivative (Poisson bracket with H(κ)) of the function M r1 is proportional to M r2 and the time-derivative of the M r2 is proportional to M r1 but with the opposite sign
and this property is also true for the angular functions
where the common factor λ κ takes the value
Therefore, the time-evolution of the complex functions M r and N φ is given by
Thus we have
Finally, let us comment that the moduli of these two complex functions (that are constant of the motion of fourth order in the momenta) are given by
Summarizing: the TTW is super-integrable for any value of the curvature (positive, zero or negative) and the additional constant of motion K m can be obtained by complex factorization. Since the function K m is complex it can be written as K m = J 3 + i J 4 with J 3 and J 4 real constants of the motion, that is, dJ 3 /dt = 0, dJ 4 /dt = 0. One of them, for example J 3 , can be chosen as the third fundamental integral of the motion.
The function F m (φ) in (10) can be considered, at first sight, as not the same as the angular function in the original TTW potential (3). Nevertheless it can be proved the following trigonometric equality
Thus, the above proposition 2 is also true for the potential U m rewritten with the angular function as in (3). More specifically, let us now consider the following (spherical, Euclidean, hyperbolic) potential
and let us denot denote by J 1 and J 2 the two constants of motion J 1 and J 2 but now rewritten as functions of G m
Then if we also write with primes the new functions M r and N φ
the complex constant of motion for the potential (11) is now given by 
Final comments
The following two points summarize the main results proved in this paper.
• The TTW system is not a specific characteristic of the Euclidean space but it is well defined in all the three spaces of constant curvature. Moreover, we have represented the TTW system by a unique Hamiltonian [with potential (10) or with potential (11) ] that is a smooth function of the curvature κ and, in this way, we can say that there are not three different TTW systems but only one that is defined, at the same time, in the three different manifolds.
• The TTW system is superintegrable in the three spaces of constant curvature. The adidtional third integral of motion can be explicitly obtained as the product of powers of two particular rather simple complex functions (here denoted by M r and N φ ). This factorization, that is valid for all the values of κ, generalizes the Euclidean property previously proved in ref. [16] .
We conclude with the following two comments: First, it has been recently proved the superintegrabilty of another Euclidean system, known as the PW system, similar to the TTW but related with the Kepler problem [40] - [41] . We think that the PW system can also be studied on spaces of constant curvature by making use of the curvature-dependent formalism. Second, the TTW system is also important at the quantum level. The properties of the functions M r and N φ can probably be interesting (changing functions for operators) for the study of the quantum Schrödinger equation by the method of factorization and ladder operators.
